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Puff field theories (PFT) arise as the decoupling limits of D3 branes in a Melvin universe and exhibit
spatially nonlocal dynamics. Unlike other realizations of nonlocality in string theory, PFTs have full
SO3 rotational symmetry. In this work, we analyze the strongly coupled regime of a PFT through
gravitational holography. We find a novel mechanism at the heart of the phenomenon of nonlocality: a
quantum entanglement of UV and IR dynamics. In the holographic bulk, this translates to an apparent
horizon splitting the space into two regions—with the UV completion of the PFT sitting at the horizon.
We unravel this intricate UV-IR setting and devise a prescription for computing correlators that extends
the original dictionary of holographic renormalization group. We then implement a cosmological scenario
where PFT correlators set the initial conditions for primordial fluctuations. We compute the associated
power spectrum of the cosmic microwave background and find that the scenario allows for a distinct
stringy signature.
DOI: 10.1103/PhysRevD.77.026008 PACS numbers: 11.25.w, 11.10.Nx, 11.25.Tq
I. INTRODUCTION AND RESULTS
Many recent areas at the forefront of fundamental phys-
ics access new realms of dynamics through nonlocal
mechanisms. Such exotic frameworks often drive interest-
ing phenomena in research areas such as string theory,
quantum gravity, the quantum hall effect, and more re-
cently quantum cosmology. The applications span a
myriad of counter-intuitive features, from noncommutativ-
ity of geometry to multivalued dispersion relations. Yet
they share a handful of common properties that seem to be
at the foundation of nonlocality, such as fuzzy size for
excitations that increases with momentum [1], faster than
light signal propagation [2], and a mechanism akin to the
Landau levels problem [3,4]. In this work, we focus on a
recent effort known as Puff field theory (PFT) [5,6] that
realizes nonlocal dynamics within a computationally ac-
cessible and unitary setting of string theory.
Setup
The particular details of the consistent truncation of the
full string theory that leads to the PFT sets the theory apart
from other similar attempts such as noncommutative Yang-
Mills (NCSYM), noncommutative open strings (NCOS),
and dipole theories [1,3,7–11]. Regardless, the general
strategy in all these cases is the same: one takes inherently
nonlocal degrees of freedom in string theory such as D-
branes, turns on a background flux to polarize the partons
or twists the geometry, and identifies a low energy limit
that decouples the theory from gravity yet leaving it with
the nonlocal character of the parent string theory. In the
case of the PFT, one focuses on D3 branes in a Melvin
universe with a Ramond-Ramond (RR) 5-form background
flux. The resulting decoupled theory exhibits nonlocality
with varied amounts of supersymmetry and R-symmetry.
For the PFT of interest in this paper, we deal with a 3 1
dimensional PFT withN  2 supersymmetry andU1 
U2 R-symmetry.
A hallmark of the phenomenon of nonlocality in string
theory is a mixing of high and low energy dynamics. For
energies low enough compared to the scale of nonlocality,
the size of an excitation in the theory is characterized by its
Compton wavelength; however, at higher energies one
finds that larger energies correspond to bigger physical
sizes for the excitations. For most NCSYM, NCOS, or
dipole theories, this fuzzing of the excitations occurs in a
subset of the physical dimensions of the theory and breaks
Lorentz symmetry in a manner that is phenomenologically
undesirable. In our PFT, the excitations expand in all
three space directions, breaking Lorentz symmetry only
to SO3.
Unfortunately, a Lagrangian formulation of the PFT is
still missing. However, a strong coupling computational
framework exists through gravitational holography
[12,13]. Hence, we focus on the strongly coupled regime
of the PFTand attempt to unravel the nonlocal aspects of its
dynamics. The IIB gravitational dual of the PFT may be
split into two five dimensional parts M5 and C5; with the
PFT living in a four dimensional subspace of M5, and C5
being a five dimensional compact manifold with varying
size as one moves in theM5. We denote the coupling in the
theory by G 1, with  being the length scale of non-
locality. Nonlocal aspects of the theory are expected to
arise for operators that carry R-charge. Hence, we employ
probes in the dual bulk spacetime with the associated
momenta. These consist of excitations arising from
Kaluza-Klein modes on the C5. We find that we can ap-
*gminton@hmc.edu
†sahakian@hmc.edu
PHYSICAL REVIEW D 77, 026008 (2008)
1550-7998=2008=77(2)=026008(17) 026008-1 © 2008 The American Physical Society
proximate the analysis through the use of geodesics, while
still having backreaction effects and the optical limit under
control.
And through the use of null and spacelike geodesics, we
explore UV-IR mixing and equal-time correlators in the
PFT. Our analysis leads to a sequence of novel and surpris-
ing observations that set the PFT apart from other nonlocal
theories and renders it even more compelling. The results
may be summarized as follows:
(i) We find that the bulk space has an apparent horizon
that divides it into two regions and where the rate of
expansion of null geodesics vanishes. Bousso’s cri-
terion [14] for holography suggests that the two
regions are holographically encoded onto the same
holographic screen. Other works [15,16] suggest that
such screens can also play the role of entangling the
quantum theories on either side. In this setting, we
find that one has a quantum entanglement of UV and
IR dynamics.
(ii) We propose a new holographic prescription for
mapping observables in this bulk space to observ-
ables in the PFT. This involves separating the notion
of integrating out high energy modes from that of
integrating out high momentum modes. Thus we are
left with two different realizations of renormaliza-
tion group flow, with the UV completion of the PFT
sitting at the apparent horizon.
(iii) We compute equal-time correlators for various ob-
servables, reproducing the expected low energy or
low momentum results while adding new physics at
high energies or high momenta. The correlators
smoothly interpolate between power law and ex-
ponential behavior as one moves from low to high
energies.
(iv) We find that the PFT exhibits nonlocality at an
energy scale G1=31 at strong coupling. Hence,
the effects of nonlocality are enhanced.
(v) We develop a new relation between momentum and
spatial support size in the PFT that associates a
single momentum scale with two sizes, and vice
versa.
(vi) We compute a c-function for the PFT using null
geodesics in the bulk. We find that the PFT behaves
very differently from NCSYM and NCOS theories,
exhibiting a divergence in the c-function at the
apparent horizon and violating the monotonicity
condition in the UV. We confirm that the latter
arises from a violation of the null energy condition
in the bulk in certain regions.
(vii) Bringing together all these observations, we apply
these results to a toy cosmological scenario. We
assume that at some early time in the history of the
Universe, the primordial plasma was described by
a theory similar to strongly coupled PFT. Hence,
equal-time correlators in the PFT determine the
initial conditions of fluctuations of the plasma,
which then evolves through inflation and leads to
structure formation. We compute the power spec-
trum that results from such a scenario and find that
signature of stringy physics can indeed arise at
small length scales in the cosmic microwave back-
ground (CMB). This is due to a combination of an
enhancement of nonlocal effects at strong coupling
and the stretching of small scale structure though
the violent expansion of space.
The outline of the paper goes as follows. We start in
Sec. II with setting up the gravitational background that is
holographically dual to strongly coupled PFT. We deter-
mine the various conditions on the parameters that assure
that the computation is reliable. In Sec. III, we first look at
the expansion/contraction rate of null geodesics in the bulk
identifying an apparent horizon and entanglement screen.
We then proceed to developing the UV-IR relations that
relate energy/momentum scale in the PFT to extent in the
bulk. In the last subsection, we present the prescription that
allows the computation of correlators in the PFT using
geodesics of the bulk space. We also present a mechanism
for entangling ‘‘high and low energy operators‘‘ so as to
naturally reproduce these observables. In Sec. IV, we
present analytical asymptotics and numerical plots of vari-
ous equal-time correlators. Section V discusses a cosmol-
ogy application of the results. This includes embedding the
setup into the so-called minimal approach of structure
formation; one then uses the correlators from the PFT to
compute the power spectrum of scalar fluctuations. The
Appendices describe a computation of the c-functions for
the PFT, NCSYM, and NCOS theories, contrasting the
results, as well as the development of a nonlocal realization
of Fourier transforms, relating momentum to length scale
in the PFT.
II. STRONG COUPLING REGIME OF PUFF FIELD
THEORY
PFT may be thought of as the 3 1 dimensional world-
volume theory for N D3 branes in a Melvin universe
supported by a background 5-form RR flux [5,6]. The
theory is parametrized by the number of D3 branes N, a
coupling constant G, and a scale of nonlocality  which
has dimensions of length. In [6], the theory is also com-
pactified on a 3-torus. One can realize different versions of
PFT with a varying number of supersymmetries. For our
purposes, we will only consider the decompactified theory
with N  2 supersymmetry in 3 1 dimensions. At low
energies, this PFT is expected to flow to N  4 Super
Yang-Mills (SYM).
The PFTof interest has full SO3 symmetry while being
a nonlocal theory. The R-symmetry is broken down from
SO6 to U1 U2. Excitations with large momenta
and with R-charge are expected to fuzz out in all three
space directions to a volume proportional to 3. While a
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full Lagrangian description of PFT is still missing, we will
only be concerned with the strong coupling regime of the
theory; the latter is accessible through holography by
studying supergravity excitations in a particular curved
background. This background was obtained in [6]. The
IIB string metric is given by
 
ds2str  0K1=2

H1dt2  dV2  V2d 2
 V
2cos2 
4
d2  sin2d’2  V2sin2 d2

 0K1=2
X
i
dx2i HV2cos2 


d 1
2
1 cosd’ 3H1dt

2

: (1)
The worldvolume of the D3 branes spans the coordinates xi
with i  1, 2, 3 and the time direction; the holographic
direction associated with energy scale in the dual PFT is
denoted by V; and the remaining five directions are com-
pact and denoted by f;’;  ; ; g. The angles ,, and ’
parametrize an S3 which may be viewed as a Hopf fibration
with  labeling the fiber direction and the base S2 de-
scribed by f;’g. The two functions HV and KV
appearing in the metric are given by
 H  4gsN
V4
and K  4gsN
V4
6V2cos2 ; (2)
where gs is the IIB string coupling, N is the number of D3
branes, and  is the scale of nonlocality. The dilaton profile
is constant
 e  gs (3)
but there is a nontrivial 5-form RR flux that supports the
geometry. The latter is of no relevance to our discussion as
we will concentrate on supergravity probes with zero RR
charge.
Furthermore, we focus on the five dimensional subspace
spanned by t, xi, and V by considering processes involving
no angular dynamics
 All angles  ; ; ’; ;  Constants (4)
with   0 for convenience (note that this point is a
coordinate singularity of (1)). Timelike or null geodesics
confined to this cross section of the space carry momentum
in the  and ’ directions because of the twist in the
geometry, as seen through the t and t ’ cross terms
of the metric. These are seen by the PFT as probes with R-
charge. For example, taking   0 for simplicity, @ is a
Killing vector and geodesics stationary in the angle direc-
tions still carry momentum in the  direction given by
 Momentum in  direction / gt dtd (5)
which scales as 3 for small . More importantly, Kaluza-
Klein modes in the  direction generate supergravity
modes of mass
 mKK  K
1=4
0
p
H1=2V
: (6)
We shall see that these masses are parametrically small in
string units. Probes associated with these excitations would
then carry R-charge as well.
Consider a coordinate transformation
 z  1
V
; (7)
and a rescaling of all five coordinates
  	 G
1=6

z; Xi 	 xi
G1=3
; T 	 t
G1=3
; (8)
where
 G 	 4gsN: (9)
We will later need to take N  1, with G being the
effective coupling in the PFT. For the holographic setting
to be useful, we then need G 1 in addition. In the new
coordinates, the metric becomes
 ds2str  0G1=2

 
1 6p dT2 

1 6p
5
d2
 
1 6p
X
i
dX2i

: (10)
Note that this metric includes the dt2 term from the twisted
part of the metric. The holographic direction is , and there
is a throat in the geometry at
 6  60 
1
2
(11)
as shown in Fig. 1. The Einstein frame metric has the
overall factor

G
p
replaced by

2N
p
 ds2Ein  g1=2s ds2str 

4N
p
G1=2
ds2str: (12)
FIG. 1 (color online). The Ricci scalar for the bulk spacetime
dual to the PFT as a function of the holographic coordinate .
The throat referred to in the text appears at   0  21=6.
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Note also that the decoupling limit involves taking 0 ! 0
while G, , T, Xi are held fixed.
We want to probe this geometry with geodesics, using
them to compute correlation functions in the PFT at strong
coupling G 1. Hence, we need to assure that the super-
gravity description and the optical approximation are valid.
For small curvatures compared to the string scale, this
leads to
 G 1 Small curvatures: (13)
We also need to make sure that the circle along is not too
small compared to the string scale
  G1=6 Large circle along: (14)
Otherwise, we would need to consider the T-dual geometry.
Note that this condition also renders Kaluza-Klein modes
associated with this circle light. We also require weak
string coupling
 gs  G4N 
 1 Weak string coupling everywhere:
(15)
Using (13), this also implies that one needs N  1.
Finally, the optical approximation implied by a geodesic
treatment is valid when the wavelength of the bulk probe is
much smaller than the local curvature of the space it is
moving through
 
1
Momentum scale

 Local curvature length scale;
(16)
where the momentum of a geodesic probe is to be mea-
sured locally as well. The local curvature can be measured
through the Ricci scalar
 R  20
15  1049  113
0

G
p 6  15=2 	
1
l2crv
: (17)
Measured in terms of the coordinate variable X, this
length scale is
 Xcrv

gXX
p  lcrv ) Xcrv
 1 
63=2
2
11 1046  2012p : (18)
The momentum canonically conjugate to the X coordinate
for a spacelike geodesic probe of interest is given by P
m0gXXdX=d. We will see later (through Eqs. (30), (33),
and (36)) that this momentum scale is bounded as in
 0<P &

0
p
m0G
1=4 (19)
where m0 	 M0=

0
p
is the rest mass of the probe. The
curvature length scale Xcrv given by (18) is bounded from
below (with a single minimum at  ’ 1:02 where Xcrv ’
0:33). Equation (16) then leads to
 Xcrv  P1 ) M0G1=4P  1
Required by optical approximation
(20)
where P is a small numerical scale tuning the momentum
in units of the maximum momentum
 P 	 PM0G1=4: (21)
The important point is in the presence of the

G
p
factor. We
see that one can extend the geodesic treatment to probes of
mass scale M0 
 1 and P parametrically small as long as
we have G 1. Basically, since the curvature is bounded,
we can always push curvature length scales for all  to
large enough values to extend the optical approximation to
a larger parameter space in M0 and P . This is needed
because we want to access small momenta, and we also
need to keep backreaction effects under control
 M0 
 1 Small backreaction from probe: (22)
For example, one can achieve this by considering a low
lying Kaluza-Klein mode of the  circle, which is large in
string units as required by the T-duality condition (14).
This also implies that such a probe will necessarily carry R-
charge under the U1 U2 R-symmetry of the PFT.
For the rest of the paper, we focus on the regime de-
lineated by (13)–(15), (20), and (22). Together, these re-
quire very largeN andG, and avoiding the use of geodesics
of very small momenta that probe regions of small .
III. HOLOGRAPHIC DICTIONARY FOR THE PFT
A. Null geodesics and covariant holography
We start by focusing on a congruence of null geodesics
spanning the T- subspace of the geometry. @T being a
Killing vector, we have the conservation law
 
dT
d
 E
0

4N
p

1 6p

; (23)
where E is a constant. We then write the tangent to future-
directed null geodesics in the T- plane as
 ta  1
4N
p
0
 
1 6p

@t  2@

: (24)
The second fundamental form is
 Kab  ratb (25)
whose trace  measures the rate of expansion/contraction
of the geodesics
   Kaa   10
3
2

4N
p 
1 6

1 
6
60

; (26)
where the upper plus sign corresponds to future-directed
geodesics moving towards increasing  while the lower
minus sign corresponds to future-directed geodesics to-
wards decreasing . We then conclude that
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 < 0 For future directed geodesics projected away from the   0 point:
  0 At  0: (27)
The asymptotics of (26) are
 jj ’

=2 
 0
  0 (28)
and Fig. 2 shows a plot. The   0 surface is then an
apparent horizon of the geometry. Note that when  ! 0,
with 0  G1=6z0=, this feature of the geometry disap-
pears as z0   ! 0.
Bousso’s criterion [14] for holography would then sug-
gest that there exists a holographic screen at 0 encoding
entropy and information from two regions on either side of
the screen. This constitutes a novel realm of holography in
string theory. A related setting was recently explored in
[15,16] (for other work on holographic entanglement, see
for example [17–20]). The authors of these works consid-
ered the computation of entanglement entropy of a confor-
mal field theory by tracing over states lying outside a
region interest. In the holographic dual of this process,
they suggested to slice the bulk with a screen where the
congruence of null geodesics vanishes—with the bounda-
ries of this screen matching onto the boundaries of the
region of interest in the dual theory (see Fig. 3). The
suggestion is that the surface where  vanishes divides
two bulk regions that map onto a pair of entangled density
of states. For the PFT, the presence of an apparent horizon
is suggestive that an entanglement mechanism may be at
work as well. In the Appendices, we demonstrate that this
phenomenon is absent from NCSYM and NCOS theories.
In the next subsection, we explore UV-IR relations to help
us unravel this intricate phenomenon apparently particular
to the PFT.
B. UV-IR relations
To determine the relation between energy scale in the
PFT and the holographic coordinate , we could look at the
finite temperature version of our geometry. One then easily
finds that temperature in the PFT scales as [6]
 Temperature ’ 1
G1=3
1
H
	 !t; (29)
where   H is the location of the horizon in the corre-
sponding geometry. The surface gravity and hence the
temperature are not affected by the cross terms d dt
and d’ dt of the metric, hence the simple form of (29).
We will henceforth refer to the 
 0 region as the UV
domain, and the  0 as the IR domain.
This simple UV-IR relation however masks the rich
nonlocal substructure of the theory. To better understand
the problem, consider spacelike geodesics in the  Xi
subspace. Using the SO3 symmetry, we can always align
such a geodesic within a chosen two dimensional plane,
which we parametrize for simplicity by f; Xg. The Killing
vector @X leads to the conservation statement
 
dX
d
 p
0
p
G1=2

1 6p

; (30)
where p is a constant related to momentum. And the
geodesic being spacelike, we have
 1  0G1=2
 
1 6p
5
d2
d2
 
1 6p
dX2
d2

: (31)
Combining (30) and (31), we solve for the slope of
geodesics in the  X plane
 
dX
d
  P1 
63=4
3 P2 1 6p 1=2 ; (32)
with the new momentum parameter rescaled as
 P 	 p
G1=4
: (33)
We then have turnaround points where d=dX  0. Using
FIG. 2 (color online). Convergence rate  of future-directed
null geodesics projected away from   0 surface.
FIG. 3. A cartoon of the covariant entanglement proposal of
[15,16]. The   0 entanglement screen separates the bulk into
two regions A and B, and the boundary into two regions a and b.
It is proposed that the entanglement entropy of region a or b is
given by the area of entanglement screen.
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(32), one finds
 
d
dX
 0 ) Pcr  
1=2
cr
1 6cr1=4
: (34)
We can also invert (34) to find the turnaround point at a
given momentum
 uv;ircr 2  P
2
m
21=3P2

cos

3
 3p sin
3

with
tan 	

1 P12=P12m
p
P6=P6m
;
(35)
where the IR label refers to the top choice of sign, and the
UV label to the bottom choice. Geodesics then oscillate
between the two critical points for fixed momentum P as
shown in Fig. 4. Equation (34) implies a maximum value
for the momentum P, which arises in the limit of ! 0
 Pm  2
1=6
31=4
(36)
and
 0<P< Pm (37)
as can be seen in Fig. 5.
Consider the PFT with a UV cutoff 1 > 0 as shown in
Figs. 4 and 5. If we take   1 as a holographic screen,
we have < 0 for a congruence of null geodesics pro-
jected from 1 only for  > 1. Hence, it is the upper
segment that is a candidate for holographic encoding—
for example through the representative geodesic labeled
(A) in the figures. The maximum momentum that may be
probed at this UV cutoff is given by P< P1. In this
regime, as we increase the UV cutoff !t and hence de-
crease 1, we may probe the PFT at large momenta P1.
This synchs well with our intuition from local field
theories.
However, if the UV cutoff is chosen in the UV region at
say   2 (as shown in Fig. 5), we now have < 0 for
null geodesics projected from 2 for the lower segment
 < 2 instead; and we still have a maximal momentum
P< P2. The region available for holographic encoding
is given by  < 2 and may be probed by the representative
geodesic labeled (B) in the figure. However, higher UV
cutoffs !t correspond to smaller momenta P2. This can
only make sense in the renormalization group spirit if we
divorce the concept of integrating out high energy modes
from that of integrating out high momentum modes.
The discussion leads us to the following modified pic-
ture for renormalization group in this nonlocal theory. If
one wants to probe the PFT up to a certain momentum P0,
this picks two corresponding values in the bulk for holo-
graphic screens, say at uvcr P0 and ircrP0. We are then to
integrate out physics in the bulk lying in the region
uvcr P0< < ircrP0.
On the other hand, we may also be interested in probing
the theory after integrating out high energy modes instead
of large momentum scales. In the PFT, these two are not
equivalent as we argued above. We may still construct
probes in this more conventional sense by focusing only
on geodesics of the type labeled (A) in Fig. 5, as long as we
keep the energy UV cutoff bounded < 1=G1=3, i.e.,
1 > 0. We will elaborate on these possibilities through
explicit computations in the next section.
Note that these two prescriptions necessarily involve
integrating out behind the apparent horizon. Such a process
may lead to entangled observables—as may be expected
from [15,16]. It is now also clear that one should think
of the UV completion of the theory as sitting at the throat
  0.
If we write the Compton wavelength of an excitation in
the PFT of momentum P as 1=P, we see that this length
scale is bounded from below: at maximal momentum Pm
and   0, one probes this minimal length scale which
scales as
 X 1
Pm
) xG1=3: (38)
Note that this scale is bigger than  at strong coupling. The
interactions in the theory seem to enhance the effects of
nonlocality. We can use (10) to easily see that the size X
FIG. 4 (color online). Oscillating spacelike geodesics with
P  0:7 in the  X plane. The length of the segment
labeled (A) is denoted in the text by lir1 P; the length of the
segment (B) is denoted by luv2 P.
FIG. 5 (color online). Log-log plot of Eq. (34) relating the
turn-around critical point cr to momentum P.
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of a probe or supergravity fluctuations goes as
 X ’ 1gXXp j 
1 61=4
1=2
: (39)
This is simply the redshift effect and leads to Xcr 
1=Pcr as expected. Given that we use the momentum
label P for spacelike geodesics, it is more suitable to think
of this parameter as a measure of spatial resolution.
However the association of fuzz size to momentum in the
PFT is somewhat trickier than this simplest viewpoint. In
Appendix B, we elaborate on this issue exploring a non-
local version of the Fourier transform relating size in X to
P. In the main text, we confine the discussion to momen-
tum space for simplicity.
In summary, Fig. 6 shows plots of the two UV-IR
relations encountered in the text.
C. Correlators
In general, one expects that the correlators of the PFT at
strong coupling are to be related to the length of geodesics
in the dual bulk spacetime. In the current setting, this map
is however more elaborate. Consider specifically spacelike
geodesics of the geometry, with both endpoints fixed at the
same   1;2 at equal time. We want to relate the length
of such a geodesic to the equal-time correlation function of
an operator in the PFT—along with a UV cutoff related to
1;2. We are then interested in the length for a round-trip
from 1;2 to cr and back to 1;2, given by
 
l1;2  2

0
p
G1=4
Z cr1;2 d
 
1 6p
5
 
1 6p
dX2
d2

1=2

 2

0
p
G1=4
Z cr1;2 d
1 61=4
2 P2 1 6p 1=2
; (40)
where the factor of 2 is added since geodesics must go to
the critical point and then back, and we may take 1;2 ! 0
if desired. We will henceforth denote the length of the
geodesic that bounces off cr in the IR domain as lir, and
the one bouncing in the UV domain as luv.
Next, we propose an extension to the holographic dic-
tionary for computing correlators that is suited to the
setting of the PFT. We do this with the premise that the
low energy or small momentum regimes of all observables
reproduce the expected results from a local field theory,
and that the proposal accounts for our analysis of UV-IR
relations and congruences of null geodesics. For a probe of
mass m0 associated with a Kaluza-Klein mode, we heuris-
tically have the following natural elements to map onto
observables: em0lir , em0luv , em0lirluv, and em0lir 
em0luv . It is useful to keep in mind that—as we shall see
in the next section—we always have lir < luv, with lir 

luv in the low momentum regime. Furthermore, the pres-
ence of an entanglement screen between UV and the IR
regimes suggests that we perhaps need a product structure
with some tracing over part of the Fock space.
Let the nonlocal dynamics of the PFT be mapped out
across all energy scales through two copies of operators;
we write heuristically O1 O2 acting in a product Fock
space. We can also consider ‘‘mixed‘‘ operators1 such as
O1 O2  	O2 O1 with  and 	 being complex
constants satisfying jj2  j	j2  1. We henceforth think
of O1 as a probe of the IR domain, while O2 is a probe of
the UV domain. They are both associated with the same
bulk field and hence carry the same weight. We can then
construct proper probes of the theory through a combina-
tion of tracing over one of the two copies and integrating
out large energy or large momentum scales. For example,
first consider a simple pure combination O1 O2 for a
probe. To construct an observable of the PFT, we prescribe
that one first needs to trace over one of the two copies of
the Fock space. In this simple case, this leads to
 O irP  Tr2O1P O2P: (41)
We can then write an equal-time correlation function
 C1 	 hOyirPOirPi  em0l
ir
1
P
; (42)
lir1P is the length of the geodesic bouncing off one of the
two critical points ircr as shown in Fig. 4.  is a UVenergy
cutoff; we want the correlation at equal time such that all
excitations of energies higher than  have been integrated
out. In the bulk, we naturally need to integrate out the
whole of the bulk physics for  < 1, where  
G1=311. We may also consider integrating out high
momentum modes instead, but for a pure operator this
FIG. 6 (color online). Log-log plots of the various UV-IR
relations described in the text.
1We may want to use the mixed state formalism instead of
mixing operators; however, we know that in the PFT operators
that carry zero R-charge do not necessarily exhibit nonlocal
effects. This hints that the entanglement mechanism that needs
to be employed to capture PFT dynamics must be implemented
in the operators/probes of the theory; while the vacuum of the
theory is dual to the whole of the bulk space.
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would not make a difference. In the IR limit  ! 0, the
space becomes AdS5  S5 and we can associate with Oir
the weight [13,21,22]
 h ’ M0G
1=4
2
(43)
in view of (20) M0G1=4  1, where M0 	

0
p
m0. We
then expect that the small energy (or small momentum)
limit of this correlator would scale as P2M0G1=4 . Note also
that M0 remains finite in the decoupling limit. Further-
more, one needs to make sure that <m where
 m 	 1
G1=3
(44)
is the energy scale at the throat; otherwise, we cannot make
sense of this prescription.
We may also consider a correlation function with O2 
O1 (or equivalently tracing out the first copy of the Fock
space); this time, we need to integrate out large momentum
scales P> P0 instead of high energies. We first write
 O uvP  Tr1O1P O2P: (45)
We can then write an equal-time correlation function
 CP01 	 hOyuvPOuvPiP0  em0l
uv
2
P
; (46)
Note that the momentum cutoff approach requires us again
to restrict the cutoff, now by P0 <Pm, the maximum
momentum.
So far, we considered correlators of what we may term
‘‘pure‘‘ combinations of the two copies of operators. We
may also ask about mixed probes and the resulting en-
tangled vevs. The most interesting case would involve a
correlation function of a mixed operator of the second type
considered above—i.e., associated with a momentum cut-
off P0. We would then trace over part of the bulk space
1 < < 2. Writing
 
OmixP  Tr2O1P O2P  	O2P O1P
 OirP  	OuvP; (47)
we then get
 CP02 	 hOymixPOmixPiP0  jj2em0l
ir
1
P
 j	j2em0luv2 P; (48)
which exhibits the stereotypical entangled form. Here, we
used the fact that the geodesic corresponding to a cross
term Oy1O2 lies within the region that is integrated out;
hence, no contribution from such terms survives the coarse
graining.
For completeness, we also write a correlator not involv-
ing any tracing
 CP03 	 hOy1 P Oy2 PO1P O2PiP0
 em0lir1 Pluv2 P (49)
where P1  P2  P0. We are then considering the
two geodesics labeled (A) and (B) in Fig. 5 and integrating
out the region 1 < < 2. For P0  Pm, we have
 CPm3  em0ltotP (50)
where ltotP is the total length of a geodesic for a round-
trip from cr back to the same cr at fixed momentum P, as
shown by the geodesic labeled (C) in Fig. 5. We do not
understand what would such observables correspond to in
the PFT.
In the next section, we explore numerical and asymp-
totic forms of these correlation functions and we will see
that this prescription reproduces expected results at low
energies and adds new physics at higher energies only.
IV. NUMERICAL RESULTS AND ASYMPTOTICS
The critical points cr admit straightforward asymptotic
forms by inverting the series expansion of (34) in the 
0 and  0 limits. To leading order,
 ircr 
(
P1 P
 Pm
01

1 PPm
q
 P Pm (51)
and
 uvcr 
(
P2 P
 Pm
01

1 PPm
q
 P Pm : (52)
Note, in particular, that the leading small momentum be-
havior of ircr does correspond to the AdS5  S5 scenario.
The asymptotic form for the length function are more
subtle to write. We first discuss the small momentum case.
We approximate the integrand in the region of both limits
of integration, and then compute the definite integral using
primitives for our two approximations and an appropriate
‘‘constant of integration’’ (which is really a function of
momentum). More specifically, we rewrite the length func-
tion as
 l0  2

0
p
G1=4
Z crit0 d
1
2


1 6p  P2
1=2;
(53)
and then use a first order expansion of the square root in P2
for the integrand near the 0 limit. For the other limit, we
define
  	 
1 6p  P2 (54)
and observe that the  ! 0 limit is exactly the cr limit.
Approximating  in the IR case of large  by 2  P2
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and in the UV case by  P2, we find the small momen-
tum limits for lir and luv.
For the large momentum limit, we encounter the prob-
lem of the integrand diverging while the interval of inte-
gration vanishes. Thus, we perform a rescaling
   0

1 

1 P
Pm
s 
(55)
 P  Pm1 
2 (56)
which changes our parameters from P and  to 
, which is
small, and , which ranges approximately from 0 to 1 for
IR and 1 to 0 for UV. Neglecting terms which are of order

2, the integrand becomes
 161=4
2P2 16p 1=2 ’ 21=231=4

1 3
2





1 

6
2
1=2


1
2

3 12
12 
 23
3

1=2
(57)
and the corrective term is well approximated by
 
2

3 1 2
1 2  
 23 
3
’ 2

3
: (58)
Using these simplifications, we can analytically integrate,
finding the large momentum asymptotes.
The asymptotes in both regimes for IR geodesics to
leading order are
 lir0 

0
p
G1=4
(2 lnP const P
 Pm
‘cr  5P3m

1 PPm
q
P Pm ; (59)
and for UV geodesics, they are
 luv0 

0
p
G1=4
( 
P3
 const P
 Pm
‘cr  5P3m

1 PPm
q
P Pm ; (60)
where
 lcr  
21=3Pm
: (61)
Figure 7 shows a plot of the two length functions as a
function of momentum P. Note that the small momentum
limit lir 2 logP is what we expect from the IR limit.
This corresponds to a correlation function of the form
 Cm1  P2M0G1=4 Small momentum (62)
as expected. On the other hand, at large momenta we have
 Cm1  e5M0G
1=4P3m

1 PPm
p
Large momentum: (63)
With luv one gets instead the asymptotes
 em0luv 
(
eM0G1=4=P
3
P
 Pm
e5M0G
1=4P3m

1 PPm
p
P Pm
: (64)
For the combination em0lir  em0luv , we have em0lir 
em0luv for P
 Pm. So, we could use (62) once again
 CPm2  P2M0G1=4 Small momentum: (65)
For P Pm, the combination em0lir  em0luv would
scale as (with jj  j	j)
FIG. 7 (color online). Length of spacelike geodesics as a
function of momentum P. Note that at maximum momentum
Pm the length is finite and given by lcr.
FIG. 8 (color online). Various correlation functions as a func-
tion of P. Note that there is a finite value for the correlators at
P  Pm.
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 CPm2  cosh

5M0G1=4P3m

1 P
Pm
s 
Large momentum:
(66)
The exponential forms are somewhat reminiscent of (but
not identical to) correlators computed in certain other non-
local theories [23,24]. Figure 8 shows plots of these various
correlators.
V. APPLICATION TO COSMOLOGY
A nonlocal theory with full SO3 symmetry offers
tantalizing prospects for cosmological applications.
Perhaps there are qualitative features that may trickle
down from the particulars of the PFT case to more general
and realistic realizations. In this section, we present a set of
speculative yet intriguing conclusions arising from a
straightforward embedding of the results of the previous
sections into inflationary cosmology.
Let us assume that prior to the inflationary epoch, when
temperatures were of the order of say 1015 GeV, the pri-
mordial plasma involved strongly coupled nonlocal dy-
namics akin to the PFT we have studied. Let it also be
the case that by this period of cosmological evolution,
quantum gravity effects have been tamed and one is deal-
ing with traditional general relativity with a gravitating
matter sector that is described by the PFT. The existence
of such an epoch is a generic expectation in many cosmo-
logical scenarios. We propose that the qualitative effects of
the nonlocal dynamics can be tucked into initial conditions
for the standard equations of evolution for small fluctua-
tions. This is known in the cosmology literature as the
minimal approach [25–27] (for other recent and interesting
realizations of string cosmology, see for example [28–
38]).
Hence, at some instant in cosmological time prior to
inflation, equal-time correlation functions of matter fluc-
tuations were given by nonlocal strongly coupled dynamics
such as that of the PFT. These initial conditions are then
evolved through an inflationary epoch; and the question
becomes whether the violent expansion of the universe—
which freezes quantum fluctuations—also blows up non-
local effects to macroscopic observable length scales. We
want to find out what would the signature of nonlocal
dynamics from an earlier time appear as today—within
the temperature fluctuations of the CMB (see Fig. 9).
Minimal approach
We start with the standard Friedmann-Lemaıˆtre-
Robertson-Walker metric that governs the evolution of
the Universe through the inflationary epoch (for reviews
of modern cosmology, see for example [26,39–41])
 ds2  dt2  at2X
i
dx2i  a2

d2 X
i
dx2i

(67)
where 1<  0 is the cosmological time. There are
various scenarios for inflationary expansion, from slow-
roll to hybrid to de Sitter inflation. Generically, the scale
factor is given by
 a  

0 (68)
where for example   1 for de Sitter exponential ex-
pansion and   1 
 for slow roll. We have also
normalized the scale factor so that it is one at the present
epoch   1.
Consider matter field fluctuations k of momentum
mode k in this background geometry as qualitative repre-
sentatives of scalar fluctuations in the primordial plasma.
Such small fluctuations would satisfy the equation of mo-
tion
 00k !k  0 (69)
where the frequency is time dependent
 ! 

k2  a
00
a
s
 k

1  1k2
s
: (70)
Hence the modes will be subject to the Schwinger effect
[27].
The solution to Eq. (69) is given by
 k  k0k   	k0k  (71)
where
 0k   
2i
mP
ei=2
p H11=2k; (72)
with H1 being the Hankel function of the first kind, and
k and 	k being complex constants to be fixed by initial
conditions—i.e., they are the Bogoliubov coefficients.
The needed asymptotic forms of 0k  are
FIG. 9. A rough cartoon of cosmological history through an
inflationary epoch. The dotted lines delineate a red-shifted
momentum window while the Hubble scale is shown as a solid
line.
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0k  ’
8<:
23=2e3=2i12
mP

k
p k For contemporary times! 0
2
p
mP
eiki12k
k
p k For early times! 1
: (73)
At some early moment in time k ! 1, the frequency
is given by
 !k  k

1  1
2kk
2
s
’ k: (74)
At this time, let the red-shifted momentum k be
 
k
ak ’
k0
k 
1
G1=3
) k 	  1kk
 H0

1
k11=G1=31= (75)
where the Hubble constant is given byH  =a.
We want to impose initial conditions onto (69) at this
moment in time k. Given that the maximum momentum
is within reach as seen from (75), we need to set the UV
cutoff at the throat 0 in the PFT.
We write the initial conditions of the fluctuations as
 kk   r
k
1e
i’k1
2!k
p 4 p
ms
(76)
and
 0kk  i

!k
2
s
4


p rk2ei’k2
ms
; (77)
with rk1, rk2, ’k1, and ’k2 being real constants parametrizing
the boundary conditions, and ms is the string mass to
arrange for the correct units; they must satisfy the con-
straint
 rk1r
k
2 cos’k1  ’k2  1 (78)
since one needs jkj2  j	kj2  1. The Bogoliubov coef-
ficients become
 k  e
ik2ei=keik
k
p 
!k
p kk2 
i1
k
  2
2k
rk1 !ki 1 2krk2
 2 1 1k  4k
(79)
 	k  e
ik2ei=keik
k
p 
!k
p kk2 
i1
k
  2
2k
rk1 !ki 1 2krk2
 2 1 1k  4k
: (80)
The power spectrum of scalar perturbations—which would be proportional to temperature fluctuations in the CMB
[25]—would be seen today as
 k3P k  2k
3
2
jkj2
a2
!0 : (81)
Putting things together, we get
 k3P k  2
32H02212  2
m2s2
k21rk12  rk22

rk12  rk22 cos 2k  2

rk12rk22  1
q
sin 2k
rk12  rk22
 1

(82)
where we have expanded in k to leading order, dropping a
series of positive powers of 1=k. Using Eq. (78), we are
left with two free sets of modes to fix; say rk1 and rk2; this is
because, as we see from the previous equation, the power
spectrum does not depend on the combination k1 k2
(this is true to all orders in k).
To fix rk1 and rk2, we assume that the initial vacuum is in a
configuration that saturates the uncertainty bound
 jhyij1=2jhOyOij1=2 ’ 1 (83)
where  andO are a canonical operator pair. We then have
 j0kkj  kjkkj ) rk2  rk1
k
!k : (84)
We contrast this with the Danielsson vacuum [42], where
one would impose the condition 0kk  kkk. The
uncertainty relation does not require such a stringent state-
ment; the freedom in the additional phase is, as we shall
see, where the information about the nonlocal dynamics
gets encoded.
Hence, we are left with one set of modes to determine;
and this data is to come from the PFT correlators. We
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expect that rk1 

k
p jkj relates to hOyPOPi1=2Pm 
CPm2 P
q
. To determine the proportionality constant, we
note that the IR limit of the PFT is scale invariant, being
dual to AdS5  S5; and in this regime the correlator is
given by P2M0G1=4 . The normalization of jkj on the other
hand is such that scale invariance for   1 implies rk1 
1, independent of k. This tells us that we have
 rk1 

CPm2 P
q
PM0G
1=4 : (85)
Note that the momentum P is k rescaled as in PG1=3k.
Hence, these steps fix the power spectrum across all scales
k, bringing in the nonlocal effects at high momenta.
Putting everything together, Fig. 10 shows a plot of the
power spectrum for an interesting set of parameters. We
see from the figure that the scale invariant profile gets
gradually corrected as we probe wavenumbers of the order
G1=31, the minimal length scale of the PFT.
VI. DISCUSSION
In this work we have explored a new mechanism for
implementing nonlocal dynamics in string theory; one that
involves quantum entanglement of UVand IR physics, and
a minimal length scale enhanced at strong coupling. We
also applied the results to structure formation in cosmology
with intriguing conclusions that suggest improved pros-
pects for finding stringy signature in the CMB.
It would be interesting to explore further the new aspects
of the holographic dictionary that arise in the presence of
an apparent horizon. Having the throat in the geometry
associated with the UV completion of the dual theory is
suggestive of the original premise of gravitational holog-
raphy: the decoupling limit focuses onto the throat of a
geometry that otherwise asymptotes to Minkowski space;
it appears that in the PFT setting, after the decoupling limit
is taken, one has yet another throat within reach. But now
we are able to extend the holographic dictionary across this
benchmark since all of the space is available for hologra-
phy. Perhaps the lessons from the PFT can help understand
holography in asymptotically Minkowski spacetimes as
well.
The PFT we used in the current work is one of several
possible realizations of the D3 branes in a Melvin universe
scenario. In particular, one can realize other PFTs with less
or no supersymmetry that may be particularly interesting.
The IR limit of all of these would be N  4 SYM. Hence
there is a rich landscape in renormalization group flow that
one can attempt to map. Perhaps the strong coupling
analysis would then help in identifying deformations of
the N  4 SYM Lagrangian towards these PFTs.
Our analysis was confined to using spacelike geodesics.
One can also consider timelike geodesics for the compu-
tation of more general correlators. The geodesic analysis
has helped in mapping some of the intricate and new
aspects of the holographic dictionary; one can now also
attempt to understand supergravity field propagation in the
bulk so as to move beyond the optical approximation. In
particular, one would be interested in expanding the field
dynamics about the throat instead of the asymptotic
boundaries. Other restrictions on our analysis discussed
in Sec. II can also be circumvented by duality transforma-
tions of the bulk space. For example, small  circle would
lead to the T-dual geometry which will necessarily exhibit
new dynamics for geodesics.
In the cosmology application, there are various new
directions to take. One different realization would involve
imposing the initial conditions at some fixed time 0 for all
modes. This would pick the correlators with fixed energy
cutoff instead—given that an argument for a fixed initial
time for new physics is in the spirit of using the red-shifted
temperature as the benchmark. One can also easily develop
the power spectrum for tensor fluctuations. All these are
rather straightforward generalizations; we do not however
expect that they lead to any new qualitative features given
the general structural form of the power spectrum given in
(82).
Finally, it would be interesting to better understand the
physical role played by the product structure of the Fock
space we employed in making sense of the UV-IR mixing.
Perhaps this is more than a computational tool but instead
is hinting at a more general formulation of the PFT.
ACKNOWLEDGMENTS
We would like to thank Sam Skillman for contributing to
the initial stages of this work. This research was supported
by Research Corporation Grant No. CC6483.
FIG. 10 (color online). A semilog plot of the normalized
power spectrum with initial conditions set by the correlators of
the PFT. We have chosen   1 (de Sitter inflation), G  1024,
and   102. The horizontal dotted line corresponds to a scale
invariant spectrum. The vertical dotted line corresponds to k
G1=31.
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APPENDIX A: DEGREES OF FREEDOM
The c-function of a theory may heuristically be defined
as a measure of the effective number of degrees of freedom
as a function of energy scale. In two dimensions, this
notion is well defined and the c-function matches onto
the central charge of the conformal field theories that
typically arise as UV or IR fixed points of renormalization
group flow [43]. In more than two dimensions, the notion
of a c-function of a local theory is less developed; for
nonlocal dynamics, the concept is even less transparent.
In the context of the dictionary of gravitational holography,
a natural geometric quantity arises in the bulk for the c-
function of the dual theory [44]. The c-function at strong
coupling would be written as
 c / 1
GD

h
p jjD2 ; (A1)
where GD is the gravitational constant of the D dimen-
sional bulk, h is the determinant of the metric projected
from the bulk onto theD 1 dimensional boundary, and 
is the rate of expansion/contraction of a congruence of null
geodesics projected from the boundary into the bulk. We
apply this proposal to the PFT; and we also analyze two
other cases to contrast the conclusions: 3 1 dimensional
noncommutative super Yang-Mills (NCSYM) theory and
1 1 dimensional noncommutative open string (NCOS)
theory.
1. PFT
Using (26) and (A1), we get a candidate for a c-function
of the PFT at strong coupling
 c / N
4
G2
1 69=2
9j6  60j3
(A2)
where we used the relation
 G5  G10Vol5 ’
g2s
04
05=24N5=411 63=49=2 : (A3)
Given the geodesics used in this computation carry R-
charge, we should perhaps interpret this as a measure of
nonlocal degrees of freedom of given R-charge. Figure 11
shows a plot of this c-function. We see that it diverges at
the throat 0 suggesting the UV completion of the theory
sits at   0. A diverging number of degrees of freedom
from the perspective of the IR regime suggests that the UV
completion is a nonlocal theory akin to a string theory—
with an infinite tower of excitations. However, there is
another twist to the story: it is believed that c-functions
in higher dimensions may be monotonic and decrease with
lower energy scales, in analogy to the two dimensional
scenario; in this nonlocal theory, this function violates both
of these properties. While the behavior in the IR domain is
consistent with a c-function that is monotonically decreas-
ing with lower energies, the function flips around at 0 and
again at   1= 2p in the UV domain. The first flip is
consistent with associating a second theory as the holo-
graphic dual to the UV region of the bulk. The flip at  
1=

2
p
is however perplexing.
A c-function would fail the monotonicity condition if
the bulk space does not satisfy the null energy condition.
We can check this by computing the Ricci tensors
 RXX  
41612  586  7
41 63 ;
R  4
12  466  4
21 62 :
(A4)
It is then easy to see that Rabnanb fails to be positive for
any null geodesics if  < 141=6. This does not exactly
match with the flipover point   1= 2p because we ap-
proximated the effect of compactification to five dimen-
sions by writing G5 G10=Vol5 in computing (A2). The
bottom line is that a new dynamical structure arises for  <
0 which perhaps invalidates the use of (A1)—the latter
being designed with local field theories in mind. Yet it
seems to work sensibly in the region that asymptotes to
AdS5  S5 in the IR. Let us proceed by repeating this
analysis for other noncommutative theories that arise in
string theory; we shall see that the PFT is rather unusual in
this respect.
2. 3 1 dimensional NCSYM
The holographic dual of 3 1 dimensional NCSYM
theory [8,45] is described by the metric
 
ds2str  0

U2

p dt2  dx21



p
U2
U44 dx
2
2  dx23 


p
U2
dU2  p  d25

;
(A5)
where U is the holographic coordinate and the UV-IR
relation is given by EU= p . The space also has a non-
FIG. 11 (color online). C-functions for the various theories
considered in this appendix.
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trivial dilaton
 e  
4N


 4U4
s
: (A6)
This NCSYM theory has noncommutative spatial coordi-
nates, x2; x3  0.
For spacelike geodesics with both endpoints at fixed U,
we use the momentum conservation statements and the
spacelike geodesic normalization condition, and we find
the turn-around points U0  0
 
p21  U44  p22  p23
U2U44  1=4  2
0 Np 1=4: (A7)
This equation admits any value of momentum p1 in the x1
direction; however, there is a maximum momentum in the
noncommuting directions at
 Ucrit  2
1=4

: (A8)
So far, NCSYM dynamics qualitatively agrees with PFT
case in that it exhibits a maximum momentum for equal-
time operator insertions; although with the exception that it
breaks the SO3 symmetry of the PFT.
The tangent to null geodesics in this space is given by
 ua  
5=4
20

N
p
U2U44  1=4 @t
 
3=4
20

N
p U44  1=4 @U (A9)
which leads to the expansion/contraction rate
    
3=4
40

N
p U
44  6
UU44  5=4 : (A10)
Thus, we find that we always have < 0 as we move
towards smaller U or lower energies as seen in Fig. 12;
according to the Bousso criterion, the holographic screen
should be placed at U  1. The associated c-function that
follows from (A1) is
 c U
4  15
U4  63 ; (A11)
with a plot in Fig. 11. It smoothly decreases away from the
boundary at infinity and is monotonically decreasing to-
wards the IR as expected. We then see that the apparent
horizon that arises in the PFT—and the associated flipping
of the c-function in the UV—do not necessarily extend to
the NCSYM theory. To further explore this contrast, let us
next look at NCOS theory. The latter is of a different
character as it involves a full open string sector.
3. 1 1 dimensional NCOS
1 1 dimensional NCOS theory [46,47] has a holo-
graphically dual geometry described by the metric
 ds2str  2

v2
82e
dt2 	2dy2  dv
2
v2
 4  d27

(A12)
where
 2  820

G
p 
v
p

1Gv3
p
: (A13)
The space also has a nontrivial dilaton
 e  3222G
3=2
M
1Gv3
v3=2
: (A14)
The holographic direction is labeled by the coordinate v
and the UV-IR relation goes as E v= ep . NCOS theory
has its time coordinate noncommuting with its only spatial
coordinate t; y  2ie. This property does however
preserve the full SO1; 1 Lorentz symmetry.
Consider spacelike geodesics with both endpoints at
fixed v. Using the normalization condition for spacelike
geodesics and the conservation of momentum along y, we
get a condition for the turn-around point v0  0
 322eG1=4p2  M1=20	2v9=4: (A15)
Thus, all momenta are allowed and all points are candi-
dates for critical values. If we look at the second-order
geodesic equation for v, then (setting t0  0) we find
 v00  9v
3	2y02
642e
 7v
02
8v
: (A16)
Thus, any critical point must be a minimum for v. This
suggests that the UV completion of the NCOS theory sits at
v  1.
Null geodesics in the t; v plane have tangent
 ua  32
2eG
1=4
v9=40

M
p @t 
8

2
p
G1=4

e
p
0v1=4

M
p @v (A17)
and expansion/contraction rate
FIG. 12 (color online).  for the various theories considered in
this appendix.
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    9

2
p

0

e
p 
M
p G
1=4
v5=4
: (A18)
Once again, we always have < 0 for decreasing v
suggesting a holographic screen at v! 1, as shown in
Fig. 12. We can also compute the candidate c-function
along (A1)
 c v: (A19)
Hence, both the c-function and energy decrease with de-
creasing v (see Fig. 11) as expected. Once again, we see
that the PFT stands out in its level of complexity and
richness even amongst other noncommutative theories.
APPENDIX B: MOMENTUM VERSUS SIZE
In the same way as we wrote geodesic length as a
function of momentum, the relation linking displacement
X to momentum is given by
 Xuv;ir  2
Z cr0 d
P1 63=4
3 P2 1 6p 1=2
; (B1)
where the UV-IR label distinguishes between the two geo-
desics with different cr turning points. We again are
forced to treat this integral numerically and through
asymptotic forms.
Using the same techniques as in Sec. IV, we find
 XirP ’
(
2P1 P
 Pm
‘cr
Pm
 5P2m

1 PPm
q
P Pm (B2)
and
 XuvP ’
( 3
4 P
4 P
 Pm
‘cr
Pm
 5P2m

1 PPm
q
P Pm ; (B3)
where
 ‘cr  
2=3Pm
: (B4)
The small momentum behavior Xir  2P1 is what we
expect from a local field theory. Figure 13 shows a plot of
both functions.
In the language of Sec. III B, X1   instead of k.
Associating  and P through (34) and using the P
 Pm
asymptotics in (51), (52), (B2), and (B3), we find X
2 for 
 0 and X  for  0.
If we were to attempt to use this relation to transform
into configuration space, we must remember to consider
both UV and IR geodesics. A given displacement is asso-
ciated with two momenta. In fact, inverting the displace-
ment/position relation is made even trickier since XirP
is not even strictly decreasing. This means that the extent
of an operator increases with momentum in a certain
regime; this has been found to be a generic feature of
nonlocality.
For all displacements above a minimum value Xmin ’
2:950 29, we find the existence of two different geodesics.
However, at a critical displacement Xcr  ‘crPm the pair of
geodesics flip from both being of the IR type to one of each
type; this curious behavior is shown in Fig. 14.
Perhaps more curious than the geodesic flipping is the
existence of the minimum. For displacements smaller than
this value, there are no UV or IR geodesics; the only
FIG. 13 (color online). Displacement X of spacelike geo-
desics as a function of momentum P.
FIG. 14 (color online). Geodesics for a sequence of displacements.
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geodesic is the path   0, which is in fact a solution to
the geodesic equations. This path corresponds to the criti-
cal momentum Pm. Since it is limited to the critical mo-
mentum, this issue does not necessarily arise in a
momentum-space discussion; however, a position-space
argument begs for treatment of the horizontal path. Since
our purpose is holography, a path fully in the holographic
screen is questionable. It is, however, really the dominant
path for small displacements.
To show this, we find numerical solutions to the
Hamilton-Jacobi equation
 g@S@S  m2 (B5)
which governs the action S  Rmds. (B5) is difficult to
solve numerically, since geodesics are singular paths of
this partial differential equation so may not be used to
impose boundary values.
We circumvent this difficulty by solving the closely
related shortest-path problem. The shortest-path function
must be a solution to (B5), and in fact may be considered
the solution of interest as argued in the discussion section.
Placing a lattice on the manifold and then using Dijkstra’s
shortest-path algorithm, we obtain a numerical solution for
the action. Figure 15(a) plots the action between two points
on the boundary, and Fig. 15(b) shows the paths them-
selves. We see a sharp transition between the horizontal
paths and the curved paths, which corresponds to a change
between a linear displacement/length relation and a con-
cave relation.
Based on these results, the position-space correlation
function would be exponentially decaying for small dis-
tances, as opposed to the power-law behavior found in a
local field theory.
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